Considering the propagation of fields in the spacetime continuum and the well-defined features of fields with finite degrees of freedom, the wave function is expanded in terms of a finite set of basis functions localized in spacetime. This paper presents the analytic eigenenergies derived for a confined fundamental fermion-antifermion pair under a linear potential obtained from the Wilson loop for the non-Abelian Yang-Mills field. The Hamiltonian matrix of the Dirac equation is analytically diagonalized using basis functions localized in spacetime. The squared system eigenenergies are proportional to the string tension and the absolute value of the Dirac's relativistic quantum number related to the total angular momentum, consistent with the expectation.
Introduction
In the formalism elaborated in our previous publications [1, 2] , the fields are expanded in terms of basis functions localized in spacetime. A key characteristic of this formulation based on finite element theory is that it is possible to apply differentiation unlike in the finite difference method. Our method allows the use of a basis set of step functions, which is rather different from the formulation by Bender et al. [3] . In the non-Abelian Yang-Mills case [4] [5] [6] [7] , the analytic continuum classical field as a possible vacuum reveals the linear potential, and quantum fluctuations are expressed in terms of step functions exhibiting Coulomb potential. Regarding the confined bound state of a fundamental fermion-antifermion pair and related themes, one can observe approaches from field theory and lattice gauge theory in prior literature [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Although the Dirac equation with a linear potential was investigated analytically by other authors [19] [20] [21] [22] , the Regge trajectory [23] may not be reproduced systematically in the relativistic scheme. The confined bound state of composite fermions is not fully understood theoretically.
This work is aimed at obtaining an analytic expression for the eigenenergies of a confined fundamental fermion-antifermion pair using our formalism mentioned above [1, 2] , which formulates fields of finite degrees of freedom using basis functions localized in the spacetime continuum. The present formalism enables an analytical calculation without using numerical values unlike numerical computer simulations via numerical values. The action-like total Hamiltonian including a given linear potential, which leads to the Dirac equation in spherical coordinates by variational calculus, is expressed in terms of a basis set of step functions localized in spacetime. The Hamiltonian matrix in the secular equation is diagonalized analytically, and the lowest eigenvalue is derived as a function of the string tension and Dirac's relativistic quantum number related to the total angular momentum. The squared system energies are consistent with Regge trajectories [23] . We emphasize that (1) the analytical approach shows clearly that the squared system energies are proportional to the string tension and quantum number, and that they originate from the secular equation structure leading to the absolute value of the quantum number that includes a sign and constructs the potential; (2) the quantum number, instead of being a non-relativistic value, is the relativistic integer described by the Dirac equation for a pair of fundamental fermions.
This article is organized as follows. Section 2 describes the formalism for the Dirac equation using a basis set of step functions localized in spacetime. Section 3 presents the analytic expression for the eigenenergies of a confined bound fermion-antifermion pair, and is followed by conclusions in Section 4.
Basis equations and theoretical formalism 2.1 Dirac equation for the non-Abelian case in spherical coordinates
To avoid confusion, we first note that the relativistic κ used in this paper has the following relation [24] with the Dirac's notation j D [25] 
where l and j refer to the quantum numbers for angular and total angular momentums, respectively. For the lowest energy case of a hydrogen atom, κ > 0. Denoting the radial wave functions of fermions in spherical coordinates with radial r-axis as
the Dirac equations in natural units become
where m is the fermion mass and E is the fermion energy. Considering the forms of ψ F = F/r and ψ G = G/r as well as the two-dimensional integral dr r 2 , the total Hamiltonian that variationally leads to the above Dirac equations is
We now add the linear energy potential derived from the Wilson loop for a non-Abelian field. Energy is one component of the four-vector momentum and the linear potential constructs the energy potential combined consistently with the Coulomb potential, the Coulomb potential −α/r above is replaced by −α/r + σr. Here, α = g 2 /(4π) with a coupling constant g, and σ refers to the string tension. We then have the total Hamiltonian for the non-Abelian case
Fields expanded in terms of basis functions localized in spacetime
The present formalism for fields is firstly based on the propagation of fields in the spacetime continuum, and secondly, on the fact that fields are definite in a scheme of finite degrees of freedom. We then expand the fields in terms of basis functions localized in the spacetime continuum, which has a finite number of lattice (grid) points, by realizing the following formulation. For the considering region in spherical coordinates, we introduce lattice (grid) points r n (n = 1, 2, ...., N ) in the radial r-axis. The infinitesimal positive ∆ is defined by ∆ = r n+1 − r n , and r n−1/2 = r n −(1/2)∆ and r n+1/2 = r n +(1/2)∆. The basis functions, which have a superscript without and with prime, are defined by
where δ nk is Kronecker's delta, and considering the overlap between the basis function Ω E n (or Ω E ′ n ) around the point r n and the delta function around r k−1/2 and r k+1/2 , which is the derivative of the basis function around r k ,
Using Eqs. (8) and (9), we further define
With the help of Eqs. (8)- (17), we get
Then, the expansion of the fermion wave functions
uniquely discretizes the following terms in the total Hamiltonian
for which we have used Eq. (18) . Similarly, using Eq. (19) it follows that
Matrix form of Dirac equation in terms of basis functions localized in spacetime
In our scheme, the aforementioned total Hamiltonian in a fermion-confined region is expressed by
The potentials α/r n , σr n , and κ/r n are replaced by α/(n∆), nσ∆, and κ/(n∆), respectively. Let us impose the normalization condition on F and G and replace the last terms
A detailed form of the equation is
where the components of the row vectors x v , F v and G v have the relations
for 1 ≤ i ≤ N . It is to be noted that i is not the imaginary unit in complex numbers, but an integer. The matrix H has the following form
where for 1 ≤ i, j ≤ N ,
3 Analytic eigenenergies of a fermion under a confining linear potential
We now use the following matrix R in the same notation as the aforementioned matrix H
where
for 1 ≤ p r , q r ≤ 2N , and C N is a normalization constant. We then have (emphasizing the matrix elements of R using parentheses [ ])
The second and last terms below "1/C N {" in the above equation amount to an expression in term of the matrix component [sin(2π(N + i)q r /(2N + 1))] of R
Thus, HR has been rewritten as H ′ R with
where κ is contained in H i,N +i . In a similar way, we obtain
Therefore, the matrix H ′ has been reduced to
Hamiltonian is Hermitian and R t = R, where R t is the transpose of R. The result for the above matrix H ′ essentially implies that 
where u pq are the four elements of the (two-dimensional) unitary matrix. The determinant to yield the eigenenergies is
We now consider physically meaningful phenomena, whose eigenenergies are those for the row with q r = 1 (the lowest oscillation case) of the aforementioned matrix R, and drop the q r -dependent term from the Hamiltonian owing to small | sin(±2πq r /(2N + 1))|. (The contribution of the string tension term σi∆ to the energy Hamiltonian is large in the case of not small i within the strongly bound confinement regime, while κ/(i∆) exhibits a singularity for low i.) Additionally, we neglect the small masses of the composite fundamental fermions of the order of 10 −3 GeV. We then get the eigenenergies
which states that
The above Coulomb term −α/(i∆) is disregarded for the extremely small ∆ (in some sense beyond the regime of usual computer simulations with the larger ∆) due to the asymptotic freedom of the non-Abelian field, yielding
(i is not the complex number but an integer of the lattice index).
Here, we consider a function of the number x in the real continuum in the region x > 0, defined by
The function E x above takes the minimum at
This x m is (considering N ∆ > x m ) measured with the lattice spacing ∆ as
where i m is an integer and ǫ E corresponds to a residual denoted as
In the limit as ∆ → 0, the residual ǫ E vanishes (ǫ E → 0), and the eigenenergy E in Eq. (52) at i = i m approaches the minimum value E min equal to E min x , giving
(which is independent of ∆). We note that |κ| is the absolute value of the integertype relativistic quantum number, which includes a sign and originates from the Dirac equation. It is noteworthy that only the secular equation gives rise to the absolute value.
We compare our equality Eq. (57) given above with that obtained from another theoretical method [26, 27] using the effective Hamiltonian in spherical coordinates, which is briefly summarized as follows. The relativistic effective Hamiltonian comprising the kinetic energy and a linear potential is denoted as
where P is the relativistic momentum of a fundamental particle. For a small mass, the effective Hamiltonian, which was described above, is reduced to
Using the rotational quantity J, which roughly corresponds to |κ| and which is written by
the effective Hamiltonian H (e) amounts to
The energy minimum E
min of H (e) also occurs at
to give
The above relation essentially coincides with the aforementioned equality Eq. (57), which is consistent with the Regge trajectory [23] . From the experimentally observed slope
in natural units for the Regge trajectory [23, 28] , the equality |κ| = E to yield √ σ = 518.5 MeV. If we use the relation √ σ = 2.255Λ MOM , derived analytically in our previous paper [2] where Λ MOM corresponds to the scale-invariant energy of quantum chromodynamics (QCD), we arrive at an Λ MOM of 229.9 MeV. This is larger than the 186 MeV calculated for a smaller setting of √ σ = 420 MeV in our previous paper [2] . These values are consistent with the observed QCD scale-invariant energy of around 213 MeV [6] . We briefly note that the aforementioned diagonalization method will be applicable to systems that are described by equations such as the classical Yang-Mills, Navier-Stokes, diffusion equations and similar theories. An example of the time-dependent equation denoting in a symbolic form
is discretized to give, using the integer index k (implying t = k∆ t ),
where f k is a function of a set of (g
, with the integer index n (stating x = n∆ x ). The matrix form of the equation is
where the row vector b is a function of the row vector
...). The unitary transformation, using a matrix U A , analytically diagonalizes the matrix A to a matrix D as
and we finally obtain
Even if f is non-linear, f is linearized as
where g k,k
′ starts from g k,k
′ +1 at a positive value of k ′ + 1. The above procedure will provide an analytic approach to these systems for higher dimensions like in our previous analysis [2] in the limit as ∆ t , ∆ x → 0. Furthermore, the possibility of a matrix expression for the equations in terms of basis functions defined over a whole spacetime may give rise to the framework of analytical spacetime matrix diagonalization.
Conclusions
We have presented a formalism for the Dirac field under a confining linear potential using basis functions localized in the spacetime continuum, which formulates fields of finite degrees of freedom. A given linear potential is that from the Wilson loop analysis for a non-Abelian YangMills field. The Hamiltonian matrix has been analytically diagonalized with the use of two sequential unitary transformations, thus yielding the eigenenergies of the confined fundamental fermion-antifermion pair. The eigenvalues are proportional to the string tension and the Dirac's relativistic quantum number related to the total angular momentum, which is consistent with the expectation.
